Appendix for
Implicit Relative Labeling-Importance Aware Multi-Label Metric Learning

Jun-Xiang Mao'??, Yong Rui*, Min-Ling Zhang'->*
ISchool of Computer Science and Engineering, Southeast University, Nanjing 210096, China
2Key Laboratory of Computer Network and Information Integration (Southeast University), Ministry of Education, China
3Information Technology and Data Management Department of China Mobile Communications Group Zhejiang Co., Ltd
“Lenovo Research, Lenovo Group Ltd., Beijing, China
maojx @seu.edu.cn, yongrui@lenovo.com, zhangml @seu.edu.cn

A The Complete Procedure of ILIA

The complete procedure of the proposed ILIA approach is
summarized in Algorithm 1. Firstly, the manifold structure
in the feature space is exploited by local linear reconstruc-
tion (Step 1-3), and then the implicit RLIs are recovered by
transferring such structure to the label space (Step 4). After
that, the instance matrix X and the recovered RLI matrix F
are centered for ease of solution (Step 5), and the metric M
to be learned is initialized with an identity matrix (Step 6).
Finally, an alternating optimization procedure is performed
to obtain ® and M (Step 7-10).

Algorithm 1: The proposed ILIA approach

Input: D: multi-label training set {(x;,y;) | 1 <i <n};
W, M, y: trade-off parameters;
k: the number of nearest neighbors;
k: the kernel function.
Output: ©: the learned predictive modeling coefficients;
M: the learned discriminative metric.

1: fori =1tondo
2:  Calculate the closed-form solution s; according to
Eq.(8);

3: end for

4: Obtain the implicit RLI matrix F according to Eq.(12);

5. Centering the instance matrix X and RLI matrix F to
obtain their centered version X and F ;

6: Initialize M = I;

7: repeat

8:  Calculate ® by solving the Sylvester equation in
Eq.(19);

9:  Calculate M by solving the Riccati equation according
to Eq.(24);

10: until convergence
11: return ® and M.

After the above optimization procedure converges, the
semantic similarity between a pair multi-label instances
(z;, z;) can be explicitly formalized in the form of the Ma-
halanobis distance shown in Eq.(25) of the main body.
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B Main Experiments
B.1 Compared Methods

We compare ILIA with five state-of-the-art multi-label metric
learning methods shown below. For their parameters, we use
the suggested configurations in respective literature:

* LM (Liu and Tsang 2015): LM employs a large margin for-
mulation to establish a unified metric space, maintaining
the correlation between feature and label spaces [sug-
gested configuration: n = 0.4, C' = 10].

* LJE (Gouk, Pfahringer, and Cree 2016): LJE learns a met-
ric that projects instances into a space where the Euclidean
distance closely mirrors the Jaccard similarity of multiple
labels [suggested configuration: ¢t = 32, e = 5].

* COMMU (Sun and Zhang 2021): COMMU constructs a
compositional metric by modeling structural interactions
between feature and label spaces, exploring the integrated
semantics of all labels [suggested configuration: «, 0 €
{0.2,04,...,0.8},C = 10].

* LiMIC (Mao, Wang, and Zhang 2023): LIMIC learns one
global and multiple label-specific metrics for each label
by exploiting label-specific side information [suggested
configuration: v = 2, A1, Ag € {1073,107%, ..., 103}].

* LsMM (Mao, Hang, and Zhang 2024): LSMM learns mul-
tiple label-specific local metrics for different multi-label
instances on the shoulder of a global one [suggested
configuration: mode = ‘semantic-based partition’, k; =
ki =20, =04,y=2X € {1071, 1,...,103}, Az €
{1073,1072,...,10}].

B.2 More Results

Table B.1 reports detailed empirical results with five state-of-
art multi-label metric learning algorithms in terms of Rank-
ing Loss, Coverage, Macro-F1, and Macro-averaging AUC,
which are not covered in the main body due to page limit. The
best and second best results are highlighted in boldface and
underline respectively. Furthermore, to statistically evaluate
the improvement significance, pairwise ¢-test at 5% signifi-
cance level is conducted on the empirical results. /o indicates
whether A-ILIA achieves significantly superior/inferior to
other compared approaches. The resulting win/tie/loss counts
are reported in Table B.2. These results clearly demonstrate
the superiority of our proposed ILIA approach in learning
effective similarity metrics between multi-label examples.
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Table B.1: Predictive performance (meanyq) of A € {BRKNN, MLKNN} coupled with ILIA and state-of-the-art multi-label
metric learning approaches in terms of Ranking Loss, Coverage, Macro-F1, and Macro-averaging AUC. 1 ({) indicates the
larger (smaller) the value, the better the performance. The best and second best results are highlighted in boldface and underline,
respectively. In addition, e/o indicates whether A-ILIA achieves significantly superior/inferior to other compared approaches on
each dataset in terms of different evaluation metrics (pairwise t-test at 5% significance level).



C Additional Comparison
C.1 Compared Methods

To underscore the significance of learning similarity met-
rics for multi-label examples, we compare ILIA-enhanced
BRKNN and MLKNN against four well-established metric-
free multi-label learning approaches that consider different
orders of label correlations:

e LIFT (Zhang and Wu 2014): A first-order multi-label
learning approach that exploits label-specific features for
each class label [suggested configuration: r = 0.1].

* RELIAB (Zhang et al. 2021): A high-order multi-label
learning approach that induces maximum entropy model
to align the outputs with the enriched label informa-
tion [suggested configuration: mode = global, T €
{0.1,0.2,...,0.5},and A € {1073,1072,...,10}].

* WRAP (Yu and Zhang 2021): A second-order multi-label
learning approach that conducts label-specific feature gen-
eration and model induction in a wrapped learning frame-
work [suggested configuration: A1, A2 € {0,1,...,10},
A3 = 10, and o = 0.9].

* HoMI (Si et al. 2023):A high-order multi-label learn-
ing approach that explicitly formalizes label correla-
tions and maintains the high-rank property of the label
matrix during model training [suggested configuration:
B,7,€{1072,1071,...,10%}, A = 1, s = 10].

C.2 Empirical Results

Table C.1 reports detailed empirical results on ten benchmark
datasets in terms of six evaluation metrics. The results clearly
demonstrate that although the performance of BRKNN and
MLKNN are inferior to that of second-order and high-order
multi-label learning methods, the IL1A-enhanced versions
have the potential to approach or even surpass state-of-the-art
multi-label learning methods.This outcome not only reaffirms
the superiority of ILIA in characterizing the similarity of
multi-label examples, but also emphasizes the significance of
learning similarity metrics for multi-label examples.

D Sensitivity Analysis
We perform sensitivity analyses on kernel function x and
trade-off parameters u, 1, and 7, which are not included
in the main body due to page limit. When analyzing the
sensitivity of one parameter, the other parameters are fixed as
the same in the ‘Configuration’ paragraph of the main body.

D.1 Impact of the Trade-off Parameter p

Figure D.1 illustrates how the performance of A4-ILIA fluctu-
ates with different values of p, i.e., the trade-off parameters
mentioned in Eq.(9) of the main body. (Datasets: emotions,
image; Evaluation metrics: Hamming loss, Average preci-
sion). It is shown that the performance of A-ILIA is relatively
flat, while it stands out when 1 = 1073, Therefore, y is fixed
to 1073 as a default parameter in this paper.

D.2 Impact of the Trade-off Parameter 7

Figure D.2 illustrates how the performance of A-ILIA fluctu-
ates with different values of 7, i.e., the trade-off parameters
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Figure D.1: Performance of A-ILIA changes as the trade-off
parameters £ varies in the range of {1074, 1073,...,10%}.

mentioned in Eq.(15) of the main body. (Datasets: emotions,
image; Evaluation metrics: Hamming loss, Average preci-
sion). It is shown that the performance of A-ILIA is poor
when eta is within the range of {10°,10%, ..., 10%}, but it
is better when 7 is between 10~* and 10~2. Therefore, we

choose 7 = 1072 as a default parameter in this paper.
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Figure D.2: Performance of A-ILIA changes as the trade-off
parameters 7 varies in the range of {104,103, ... 10*}.

D.3 Impact of the Trade-off Parameter -

Figure D.3 illustrates how the performance of A-ILIA fluctu-
ates with different values of v, i.e., the trade-off parameters
mentioned in Eq.(16) of the main body. (Datasets: emotions,
image; Evaluation metrics: Hamming loss, Average preci-
sion). It is shown that the performance of A-ILIA is relatively



Evaluation BRKNN-ILIA against

Metrics BRKNN BRKNN-LM BRKNN-LJE BRKNN-COMMU BRKNN-LIMIC BRKNN-LSMM
Hamming Loss 6/4/0 6/4/0 9/1/0 6/4/0 4/6/0 2/8/0
Ranking Loss 8/1/1 8/2/0 10/0/0 7/2/1 8/2/0 7/3/0
Coverage 9/1/0 8/1/1 9/1/0 7/2/1 5/4/1 5/4/1
Average precision 10/0/0 8/1/1 10/0/0 10/0/0 5/4/1 6/3/1
Macro-F1 9/1/0 9/1/0 10/0/0 6/4/0 7/3/0 4/6/0
Macro-averaging AUC 7/3/0 772/1 10/0/0 5/312 5/4/1 1/8/1
In Total 49/10/1 46/11/3 58/2/0 41/15/4 34/23/3 25/32/3

Evaluation MLKNN-ILIA against

Metrics MLKNN MLKNN-LM MLKNN-LJE MLKNN-COMMU MLKNN-LIMIC MLKNN-LSMM
Hamming Loss 5/5/0 3/6/1 8/2/0 4/5/1 3/6/1 2/8/0
Ranking Loss 4/3/3 3/52 7/3/0 4/4/2 17772 1/6/3
Coverage 4/4/2 3/5/2 7/3/0 4/4/2 1/7/2 1/6/3
Average precision 7/2/1 4/5/1 8/2/0 8/1/1 3/5/2 3/6/1
Macro-FI 10/0/0 10/0/2 10/0/0 10/0/0 5/5/0 5/450
Macro-averaging AUC 4/472 4/5/1 9/1/0 5/372 3/512 1/8/1
In Total 34/18/8 27/26/7 48/12/0 35/19/6 16/36/8 13/40/7

Table B.2: Win/tie/loss counts (pairwise t-test at 5% significant level) for ILIA against other state-of-the-art multi-label metric
learning algorithms coupled with A (A € {BRKNN, MLKNN}).
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Figure D.3: Performance of .A-ILIA changes as the trade-off

parameters  varies in the range of {10=%4,1073,...,10%}. E Convergence Analysis

We study the convergence property of the proposed ILIA

approach. Specifically, we record M after each iteration of

alternating optimization and then compute the Frobenius
D.4 Impact of the Kernel Function « norm of the difference between two adjacent M. Figure E.1
illustrates the convergence curve of ILIA on ten benchmark
multi-label datasets, where the vertical axis represents the
resulting Frobenius norm and the horizontal axis represents
the number of iterations. We can observe that the value of
the Frobenius norm decreases quickly to near zero in 30
* Linear Kernel: iterations (some datasets may initially increase due to the
reason that M is initialized with an identity matrix), which
demonstrates the fast convergence property of ILIA.

We investigate the impact of the choice of kernel function
on the predictive performance of A-ILIA. In this paper, we
study four commonly used kernel functions with different
parameter settings, which is shown as follows:

klx,x') =z o' (1)
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RELIAB 4981008 788046 837018 78lioia 860+p013 6051012 2511013 6334 414 6491010 54801
WRAP 5094012 782, 49 609+ 041 794405 8704014 6131017 288 o5 6281016 64841010 5424014
HowMi A151006 T70+035 859 o3 795+004 8661013 617 g5 2931011 6341011 664, 3 5511016

BRKNN-ILIA (Ours) .4821'012 .7901.022 .856:&‘022 '819j:.021 ,868:&'016 .6161‘012 .2391'010 .6311‘012 .661:&,013 ﬂi.OOS
MLKNN-ILIA (Ours) .4851.()09 ~780i.026 .862i'020 .821i.0|7 '871i.01I .620i4014 -248i.008 .634i4012 .673i'0]5 '573i.008

Macro-FI1 1
LIFT 0494003 418143 2651034 6061036 . 759+016 1231000 0301005 1561011 0841ois 025+ 007
RELIAB 0631004 5471053 3741040 5554016 5995+034 160413 ‘O6Oi.006 1764004 0931010 .040 06
WRAP 0441004 6264 g55 2051032 4971041 635+03a 1201010 0151002 1941005 0461007 099+ 039
Howmi 0504003 6024040 488, 70 663, 0 7661015 27113 0664005 1831016 1461026 1084 026

BRKNN-ILIA (Ours) 1024009 6371035 4764055 .663i_025 TI87 017 2031017 0304004 1714021 1631016 A37 4006
MLKNN-ILIA (Ours) ‘093i,010 6084 08 5064 057 6651 (13 '769j:020 ‘212i,018 0364006 1864 023 '161i.020 '122i.024

Macro-averaging AUC T

LIFT S35, 017 769+030 9264050 856, 0 9301007 6731032 6471010 6871022 6331043 5801035
RELIAB 4924 005 8234044 8641045 8321004 927, o6 T041o2z 672 4 164 p0 638, 4 5881030
WRAP ATT1011 8101037 9131061 8301022 9181000 7171017 4641015 6101038 5331010 5721043
Howmi 5264016 81343 915, 04 8424007 9251005 7071036 6951007 T21io17 6221036 6114 3

BRKNN-ILIA (Ours) 544 014 823100 87841031 861100 .9304 013 .7081021 STlior0 7024001 6424 18 6124 o1y
MLKNN-ILIA (Ours) .5294 016 .8074+014 .858+037 8501018 91841014 .6864+015 5541008 .6068+017 .6254+ 018 596 010

Table C.1: Predictive performance (mean4yq) of A-ILIA and four well-established metric-free multi-label learning approaches in
terms of six evaluation metrics. 1 () indicates the larger (smaller) the value, the better the performance. The best and second
best results are highlighted in boldface and underline respectively.



Datasets

Kernel Parameter

. . emotions image scene health education
Function Setting —
Average precision T
Linear N/A -791:|:4030/-792:t.036 .804:&_01(,/.795:‘:.014 .863i.014/.861:‘:.016 .629:&4011/.651:‘:.012 .625:&_015/.630:&.014
a=0.1  .6954 027/.6764 gp9 8064 021/.798 1 023 8514 .015/.8554+.000 577 +.011/.6004 010 6144 013/.614 4 16
RBF a=1 -554i.037/-545i.032 .7801‘031/.7841029 .5671‘031/.5641()29 .5251‘024/.612i012 .625i‘015/.6321015
a=10  .5534 037/.5424 030 5254 018/.521 L 913 4414 033/.437 L. 027 .5724.016/.6004 012 4034 021/.428 4 015
a=0.1 767+ 035/.759+.006 -816 (50/-817 1 py -862+ 013/.8654 014 6121 000/.6284 011 623+ 015/.627 + 016
Lapla a=1 -553:|:.037/-542i.032 ~520:|:.018/-515j:.013 -441:|:4033/-437:t.027 -524:|:4017/-614i.010 .383i_014/.464i.012
a=10  .5534 037/.5424 032 .5154+.016/.509+ 016 441+.033/.430+£ 026 572+ 016/.600+ 012 403+ 0147413+ 016
a=0.1
b=1 T894 037/. 7824 032 7941 020/ 792+ 029 8684 015/.866 17 .645, 17/.660 o17 6114 014/.6114 p15
c=1
a=0.1
b=10 -7901,022/-780i.026 .Slgi.021/.821i'017 .868i.016/.871i,011 .661i.013/.673i'015 .631i.012/.634:‘:‘012
c=2
a=1
Poly b=10 7794 035/.776+ 028 .735+.023/.761+ 023 8124 19/.8264 021 6364 011/.651+ 012 5854 017/.620+ 014
c=2
a=10
b=1 7914 034/.785 1 o5 78340197779+ 017 8524 .020/.849+ 019 630+ 011/.655+ 010 6301 14/-638+ 013
c=1
a=10
b=10 7624 026/.762+ 027 .7324.021/.757 4004 8184 023/.831 1020 6254 009/.643 L 012 5514 020/.5624 21
c=2

Table D.1: Predictive performance (meanyq) of A-ILIA under different kernel function « choices in terms of Average precision.
In A/B, A represents the result of BRKNN-ILIA, and B represents the result of MLKNN-ILIA. 1 ({) indicates the larger (smaller)
the value, the better the performance. The best and second best results are highlighted in boldface and underline, respectively.
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Figure E.1: Convergence curves of ILIA on ten benchmark multi-label datasets.
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