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Abstract—Visual methods have been widely studied and used in data cluster analysis. Given a pairwise dissimilarity matrix DD of a set

of n objects, visual methods such as the VAT algorithm generally represent DD as an n� n image Ið ~DDÞ where the objects are reordered

to reveal hidden cluster structure as dark blocks along the diagonal of the image. A major limitation of such methods is their inability to

highlight cluster structure when DD contains highly complex clusters. This paper addresses this limitation by proposing a Spectral VAT

algorithm, where DD is mapped to DD0 in a graph embedding space and then reordered to ~DD0 using the VAT algorithm. A strategy for

automatic determination of the number of clusters in Ið ~DD0Þ is then proposed, as well as a visual method for cluster formation from Ið ~DD0Þ
based on the difference between diagonal blocks and off-diagonal blocks. A sampling-based extended scheme is also proposed to

enable visual cluster analysis for large data sets. Extensive experimental results on several synthetic and real-world data sets validate

our algorithms.

Index Terms—Clustering, VAT, cluster tendency, spectral embedding, out-of-sample extension.
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1 INTRODUCTION

A general question in the data mining community is how
to organize observed data into meaningful structures

(or taxonomies). As a tool of exploratory data analysis [36],
cluster analysis aims at grouping objects of a similar kind into
their respective categories. Given a data set O comprising n
objects fo1; o2; . . . ; ong (e.g., fish, flowers, beers, etc.), (crisp)
clustering partitions the data into c groups C1; C2; . . . ; Cc, so
that Ci \ Cj ¼ �; if i 6¼ j and C1 [ C2 [ � � � [ Cc ¼ O. There
have been a large number of data clustering algorithms in the
recent literature [24]. In general, clustering of unlabeled data
poses three major problems: 1) assessing cluster tendency,
i.e., how many clusters to seek or what is the value of c?,
2) partitioning the data into c groups, and 3) validating the c
clusters discovered. Given “only” a pairwise dissimilarity
matrix DD 2 Rn�n representing a data set of n objects (i.e., the
original object data is not necessarily available), this paper
addresses the first two problems, i.e., determining the
number of clusters c prior to clustering and partitioning the
data into c clusters.

Most clustering algorithms require the number of
clusters c as an input parameter, so the quality of the
resulting clusters is largely dependent on the estimation of

c. For some applications, users can determine the number of
clusters with domain-specific knowledge. However, in most
real situations, the value of c is unknown and needs to be
estimated from the data themselves. Various postclustering
measures of cluster validity have been proposed to estimate
c, e.g., [13], [40], [39], [37], [35], [27] and [9], by attempting to
choose the best partition from a set of alternative partitions.
In contrast, cluster tendency assessment attempts to
estimate c before clustering occurs. Visual methods for
various data analysis problems have been extensively
studied [7]. In particular, the representation of data
structures in an image format has a long and continuous
history, e.g., [11], [2], [21], [19], and [34]. The visual
representation of pairwise dissimilarity information about
a set of n objects is usually depicted as an n� n image,
where the objects are reordered so that the resulting image
is able to highlight potential cluster structure in the data. A
“useful” reordered dissimilarity image (RDI) highlights
potential clusters as a set of “dark blocks” along the
diagonal of the image, and can thus be viewed as a visual
aid to tendency assessment.

We could generate reordered dissimilarity images using
any of the existing schemes in [11], [21], [2], [19], and [34].
For concreteness, this paper focuses on one method for
generating RDIs, namely visual assessment of cluster
tendency (VAT) of Bezdek and Hathaway [2], although
our approach can also be applied to any method that
generates RDIs. Several algorithms have extended VAT for
related assessment problems [10], [3], [38], [8], [45], e.g.,
bigVAT [10] offers a way to approximate the VAT-
reordered dissimilarity image for very large data sets, and
coVAT [3] extends the VAT idea to rectangular dissimilarity
data to enable tendency assessment for coclustering. While
RDIs have been widely used for data analysis, they are
usually only effective at highlighting cluster tendency in
data sets that contain compact well-separated clusters.
However, many practical applications involve data sets
with highly complex structure, which invalidate the
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assumption of compact, well-separated clusters. In this

paper, we propose a new approach to generating RDIs that

combines VAT with spectral analysis of pairwise data. The

resulting Spectral VAT (SpecVAT) images can clearly show

the number of clusters c and the approximate sizes of each

cluster for data sets with highly irregular cluster structures.

Based on spectral VAT, the cluster structure in the data can

be reliably estimated by visual inspection. Also, we propose

an effective strategy to measure the “goodness” of spectral

VAT images for automated determination of the number of

clusters c. We also derive a visual clustering algorithm

based on the spectral VAT image and its unique block-

structured property to partition the data into c groups. By

integrating cluster tendency assessment and cluster forma-

tion using an RDI, we provide a natural environment for

visual cluster validation and interpretation. To handle large

data sets, we further propose a feasible approximate

solution in a “sampling plus extension” manner to enable

both visual cluster tendency estimation and partitioning. A

wide range of primary and comparative experiments on

synthetic and real-world data sets demonstrate the effec-

tiveness of our algorithms.
In summary, the major contributions of this paper include:

1. the enhanced SpecVAT algorithm for better reveal-
ing the hidden cluster structure of complex-shaped
data sets;

2. the effective “goodness” measure of the SpecVAT
images for automatic assessment of cluster tendency;

3. the effective visual data partitioning algorithm based
on the SpecVAT image; and

4. the extended strategy based on sampling plus out-
of-sample extension for scaling the SpecVAT algo-
rithm to larger data sets.

It should be mentioned that a preliminary version of this

work has appeared in [44]. In contrast to the previous

version, major changes of this paper are summarized as

follows:

a. We modify the organization of the paper for better
readability, as well as describing each of the proposed
algorithms in more detail, including the theoretical
analysis of runtime complexity.

b. We provide several additional real-world data sets
to evaluate our previously proposed algorithms.

c. We propose a new strategy to extend the previous
algorithms to make them feasible for use with truly
large data sets.

d. We provide extensive experiments on several syn-
thetic and real data sets to evaluate this new
algorithm, and the results demonstrate its effective-
ness.

The remainder of the paper is organized as follows:

Section 2 illustrates our spectral VAT algorithm. Section 3

presents our strategy for automatically determining the

number of clusters c from the SpecVAT images, and Section 4

proposes how to find the c clusters from the SpecVAT

image. Section 5 extends the spectral VAT algorithm to deal

with large data sets. The experimental results are given in

Section 6, prior to discussion and conclusion in Section 7.

2 SPECTRAL VAT

Our work is built upon the VAT algorithm [2] (see
Appendix). Two important points about VAT are noted
here: 1) Only a pairwise dissimilarity matrix DD is required
as the input. When vectorial forms of objects are available, it
is easy to convert them into DD using some form of
dissimilarity measures. Even when vectorial data are not
explicitly available, it is still feasible to use certain flexible
metrics to compute a pairwise dissimilarity matrix, e.g.,
using Dynamic Time Warping (DTW) to match sequences
of different lengths. 2) Although the VAT image suggests
both the number of and approximate members of object
clusters, matrix reordering produces neither a partition nor
a hierarchy of clusters. It merely reorders the data to reveal
its hidden structure, which can be viewed as an illustrative
data visualization for estimating the number of clusters
prior to clustering. However, hierarchical structure could be
detected from the reordered matrix if the diagonal sub-
blocks exist within larger diagonal blocks.

At first glance, a viewer can estimate the number of
clusters c from a VAT image by counting the number of
dark blocks along the diagonal if these dark blocks possess
visual clarity. However, this is not always possible. We find
that a dark block appears in the VAT image only when a
tight (or ellipsoidal) group exists in the data. For complex-
shaped data sets where the boundaries between clusters
become less distinct due to either significant overlap or
irregular geometries between different clusters, the result-
ing VAT images will degrade. See Figs. 4a and 5a for
examples. Accordingly, viewers may deduce different
numbers of clusters from such poor-quality images, or
even cannot estimate c at all. This naturally raises a problem
of whether we can transform DD into a new form DD0 so that
the VAT image of DD0 can become clearer and more
informative about the cluster structure. In this paper, we
address this problem by combining the VAT algorithm with
spectral analysis of the proximity matrix of the data.

Recently, a number of researchers have used spectral
analysis of a graph in applications such as dimensionality
reduction [1], image segmentation [23], [20], and data
clustering [22]. These spectral methods generally use the
eigenvectors of a graph’s adjacency (or Laplacian matrix) to
construct a geometric representation of the graph. Different
methods are strongly connected, e.g., Laplacian Eigenmaps
[1] are very similar to the mapping procedure used in
a spectral clustering algorithm described in [15]. Let
GðV; E;WW Þ be a weighted undirected graph, where V is
a set of n vertices (e.g., corresponding to n objects
fo1; o2; . . . ; ong to be analyzed), E ¼ ½eij� is the edge set with
eij ¼ 1 showing that there is a link between vertices i and j
and 0 otherwise, and WW ¼ ½wij�, an n� n affinity matrix,
includes the edge weights, with wij representing the relation
of the edge connecting vertices i and j. Most spectral
methods differ in terms of graph construction (reflected in E,
e.g., the "-neighborhood graph, the K-nearest neighbor
graph, and the fully connected graph), weighting functions
(reflected inWW , e.g., simple 0-1 weighting and the commonly
used Gaussian function), or graph Laplacians (e.g., the
unnormalized Laplacian matrix LL ¼MM �WW and the nor-
malized version L̂L ¼MM�1=2LLMM�1=2, where MM is a diagonal
degree matrix of G, i.e., mii ¼

Pn
j¼1 wij).
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The spectral decomposition of the Laplacian matrix
provides useful information about the properties of the
graph. It has been shown experimentally that natural
groups in the original data space may not correspond to
convex regions, but once they are mapped to a spectral
space spanned by the eigenvectors of the Laplacian matrix,
they are more likely to be transformed into tight clusters
[22], [6]. Based on this observation, we wish to embed DD in a
k-dimensional spectral space, where k is the number of
eigenvectors used, such that each original data point is
implicitly replaced with a new vector instance in this new
space. After a comprehensive study of recent spectral
methods, we adopt a combination of adjacency graph,
weighting function, and graph Laplacian for obtaining a
better graph embedding (and thus, better SpecVAT images,
see Figs. 4b and 5b for examples). We summarize our
spectral VAT algorithm in Table 1. Several points about this
algorithm are noted as follows:

. Using a specific local scaling parameter allows self-
tuning of the object-to-object distance according to
the local statistics of the neighborhood surrounding
objects i and j, resulting in high affinities within
clusters and low affinities across clusters, which has
been demonstrated in [26] to be advantageous for
clustering.

. The normalized Laplacian matrix

L̂L ¼MMð�1=2ÞðMM �WW ÞMMð�1=2Þ ¼ II � LL0;

where II is the identity matrix. Replacing II � LL0 with
LL0 in our algorithm only changes the eigenvalues
from 1� �i to �i and not the eigenvectors. The
importance of normalization has been analytically
demonstrated when the matrix is potentially block
diagonal with nonconstant blocks [15], [23].

. Step (6) is actually a graph-embedding representa-
tion [1], [33]. That is, the space spanned by the top
k eigenvectors of LL0 is the rank-k subspace that best
approximates WW , in which the original objects are
implicitly transformed into new representations.

. The computational complexity of the SpecVAT
algorithm depends mainly on three parts, i.e.,

computing the local scale parameters �i, the eigen-
decomposition of the normalized Laplacian matrix
LL0, and performing the VAT algorithm. The corre-
sponding (worst case) runtime complexities for these
three parts are, respectively, OðKn2Þ, Oðn3Þ, and
Oðn2Þ. Thus, the total computational complexity of
the SpecVAT algorithm is Oðn3 þ ðK þ 1Þn2Þ.

3 AUTOMATIC CLUSTER TENDENCY ASSESSMENT

Clustering in unlabeled data O is the assignment of labels to
the objects in O, where two necessary ingredients are,
respectively, the number of groups to seek, c, and a
partitioning method to discover the c clusters. In this
section, we explore the use of spectral VAT for the problem
of cluster tendency assessment. That is, can we automati-
cally determine the number of clusters c, as suggested by
Ið ~DD0Þ, in an objective manner, without viewing the visual
display? Before designing an automatic method for estimat-
ing the numbers of clusters from the SpecVAT images, let
us examine the characteristics of the SpecVAT images first.
Figs. 1a and 1c show two examples of the original VAT
image and SpecVAT images with different numbers of
eigenvectors (corresponding to synthetic data sets S-1 and
S-4 shown in Fig. 3, where S-1 is a combination of three
circles with the same centroid but different radii, i.e., c ¼ 3,
and S-4 is a combination of four compact groups hidden in
one cluttered background, i.e., c ¼ 5). From Fig. 1, we can
see that the SpecVAT images are generally clearer than the
original VAT image in revealing real data structure. See
Figs. 4 and 5 for more examples.

To enable automatic determination of the number of
clusters, we need to find a “best” SpecVAT image in terms
of “clarity” and “block structure.” Each of the “block
regions” in the image corresponds to either intracluster or
intercluster dissimilarity values, while the “clarity” is
relevant to the degree of the brightness difference between
such blocks. The corresponding gray-scale histograms in
Figs. 1b and 1d suggest that a good SpecVAT image should,
ideally, include two explicit modalities in the gray-scale
histogram, with a narrow distribution of each modality and
a large distance between the two modalities. It is easily
understood that the two modalities in the histogram
implicitly correspond to “within-cluster distances” (diag-
onal dark-block regions) and “between-cluster distances”
(off-diagonal non-dark-block regions). A narrow distribu-
tion for any one modality means that values in either
“within-cluster distances” or “between-cluster distances”
are close, whereas a big distance between two modalities
means that these two modalities are easily distinguished. A
nonparametric thresholding method for image binarization
is proposed in [17], where only the gray-level histogram
suffices without other prior knowledge. We borrow its idea
of deriving an optimal threshold to establish an appropriate
criterion for evaluating the “goodness” of the SpecVAT
images from a more general standpoint.

Following [17], let the pixels of an image be represented
in L gray levels. The number of pixels at level l is denoted by
ml and the total number of pixels by N ¼

PL
l¼1 ml. Such a

gray-level histogram may be normalized and regarded as a
probability distribution, i.e., pl ¼ ml=N; pl > 0;

PL
l¼1 pl ¼ 1.
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Suppose that the image pixels can be divided into two

classes C1 and C2 (e.g., corresponding to “within-cluster

blocks” and “between-cluster blocks” in the VAT or

SpecVAT image) by a threshold at level T . Assume that C1

denotes pixels with levels ½1; . . . ; T � and C2 denotes pixels

with levels ½T þ 1; . . . ; L�. Then, the probabilities of class

occurrence are, respectively, !1 ¼ P ðC1Þ ¼
PT

l¼1 pl and

!2 ¼ P ðC2Þ ¼
PL

l¼Tþ1 pl. The class mean levels are

�1 ¼
XT
l¼1

lP ðljC1Þ ¼
XT
l¼1

lpl=!1 ¼ �ðT Þ=!ðT Þ; ð1Þ

�2 ¼
XL
l¼Tþ1

lP ðljC2Þ ¼
XL
l¼Tþ1

lpl=!2 ¼
�L � �ðT Þ
1� !ðT Þ ; ð2Þ

where !ðT Þ ¼
PT

l¼1 pl and �ðT Þ ¼
PT

l¼1 lpl are the zeroth-

and the first-order cumulative moments of the histogram

up to the T th level, respectively, and �L ¼
PL

l¼1 lpl is the

total mean level of the original image. Note that !1�1 þ
!2�2 ¼ �L and !1 þ !2 ¼ 1. The class variances are then

given by

�2
1 ¼

XT
l¼1

ðl� �1Þ2P ðljC1Þ ¼
XT
l¼1

ðl� �1Þ2pl=!1; ð3Þ

�2
2 ¼

XL
l¼Tþ1

ðl� �2Þ2P ðljC2Þ ¼
XL
l¼Tþ1

ðl� �2Þ2pl=!2: ð4Þ

Based on the discriminant criteria [14], Otsu used the

following measures for evaluating the class separability [17]:

� ¼ �2
B=�

2
W; � ¼ �2

T =�
2
W; � ¼ �2

B=�
2
T ; ð5Þ

where

�2
W ¼ !1�

2
1 þ !2�

2
2; ð6Þ

�2
B ¼ !1!2ð�2 � �1Þ2; ð7Þ

�2
T ¼

XL
l¼1

ðl� �LÞ2pl ¼ �2
W þ �2

B; ð8Þ

are the within-class variance, the between-class variance,

and the total variance of levels, respectively. A good choice

of threshold is to solve the optimization problem by

maximizing �, �, or �. �2
W and �2

B are functions of T , but
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Fig. 1. (a) and (c): Original VAT (top-left) and SpecVAT images with different k for data sets S-1 (top) and S-4 (bottom), and (b) and (d): their
corresponding gray-scale histograms. (a) S-1, (b) S-1, (c) S-4, and (d) S-4.



�2
T is independent of T . In particular, �2

W is based on the
second-order statistics (class variances), while �2

B is based
on the first-order statistics (class means). Thus, � is the
simplest measure to obtain an optimal threshold T �.

Naturally, the maximum value �ðT �Þ can be used as a
measure to evaluate the separability of classes [17]. For-
tunately, such a measure is semantically consistent with our
knowledge of the field in question. For each SpecVAT image
with respect to different k (e.g., k ¼ 1 to kmax), we can find an
optimal threshold T � that maximizes � (or, equivalently,
maximizes �2

B). We denote the value of �2
BðT �; kÞ as the

“goodness” measure of the image with respect to both
clarity and blockyness. Accordingly, we select the best
SpecVAT image as the one with the maximum goodness
value, and determine the number of clusters as

c ¼ arg max
k2f1;...;kmaxg

�2
BðT �; kÞ: ð9Þ

Fig. 2 gives two examples of “goodness” values on the data
sets S-1 and S-5, as shown in Fig. 3, thus depicting the
effectiveness of such a measure in determining a good
SpecVAT image, e.g., k ¼ 3 for S-1 (three-circle data set) and
k ¼ 4 for S-5 (four-line data set). Table 2 summarizes the
algorithm for automatically assessing the number of
clusters (called A-SpecVAT) from a series of SpecVAT

images derived from DD. The computational complexity of
this algorithm mainly depends on the computation of
grayscale histograms of images and optimal thresholds,
which is OðkmaxLn2Þ.

4 VISUAL DATA PARTITIONING

In this section, we further explore the use of spectral VAT
for the problem of visual data partitioning. That is, can we
automatically extract a crisp c-partition of O directly from
the visual evidence in Ið ~DD0Þ? If so, how well does it
perform? In general, the c-partitions of a data set O are sets
of c � n values uik that can be conveniently arrayed as a c� n
matrix UU ¼ ½uik�. The set of all nondegenerate c-partition
matrices for O is

Hhcn ¼ fUU 2 Rc�nj0 � uik � 1; 8i; kg; ð10Þ

with
Xc
i¼1

ui;k ¼ 1; 8k and
Xn
k¼1

uik > 0; 8i: ð11Þ

Element uik of UU is the membership of object k in cluster i.
In the case of a “crisp” (or hard) partition (not fuzzy or
probabilistic), uik ¼ 1 if ok is labeled i and 0 otherwise.

The important property of Ið ~DD0Þ is that it has, beginning
in the upper left corner, dark blocks along its main
diagonal. Accordingly, we can constrain our search through
Hhcn to those partitions that mimic the block structure in
Ið ~DD0Þ [48], i.e.,
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Fig. 2. Examples of “goodness” measures of original VAT and SpecVAT images with different k for data sets (a) S-1 and (b) S-5.

Fig. 3. Scatter plots of synthetic data sets: from left to right and from top
to bottom: S-1 to S-9.

TABLE 2
Algorithm II: A-SpecVAT



H�hcn ¼ fUU 2 Hhcng; ð12Þ

with the properties of u1k ¼ 1; 1 � k � n1;uik ¼ 1; ni�1 <
k � ni; 2 � i � c where ni is the size of the ith cluster in
the data. We call UU in H�hcn an aligned c-partition of O
when its entries form c contiguous blocks of 1s in UU ,
ordered to begin from the upper left corner, and proceed
down and to the right. Every member of H�hcn is
isomorphic to the unique set of c distinct integers, i.e.,
the cardinalities of the c clusters in UU that satisfy
fnij1 � ni; 1 � i � c;

Pc
i¼1 ni ¼ ng, so aligned partitions

can be alternatively specified by fn1 : n2 : � � � : ncg.
The important characteristics of Ið ~DD0Þ that can be

exploited for finding a good candidate partition UU are the
contrast differences between the dark blocks along the main
diagonal and the pixels adjacent to them. Our algorithm
aims to generate candidate partitions in H�hcn by testing their
fitness to the clusters suggested by the aligned dark blocks
in Ið ~DD0Þ. Toward this end, an objective function is defined to
implicitly account for block structures. An intuitively
appealing measure is the difference of the mean dissim-
ilarity values between apparent clusters (i.e., dissimilarities
in nondark blocks off-diagonal) and those within apparent
clusters (i.e., dissimilarities in dark blocks along the
diagonal) [48]. Let UU be a candidate partition in H�hcn,
fCi; 1 � i � cg be the crisp c-partition of O corresponding to
UU , jCij ¼ ni; 8i, and we abbreviate the membership os 2 Ci
as s 2 i. Mean dissimilarity between dark and nondark
regions in Ið ~DD0Þ (i.e., between-cluster distances) Eb and
mean dissimilarity within dark regions in Ið ~DD0Þ (i.e., within-
cluster distances) Ew are, respectively, represented by

Eb ¼
Xc
i¼1

X
s2i;t3i

~d
0�
st

 !,Xc
i¼1

niðn� niÞ; ð13Þ

Ew ¼
Xc
i¼1

X
s;t2i;s6¼t

~d
0�
st

 !,Xc
i¼1

niðni � 1Þ: ð14Þ

The objective function is defined as

EðUU; ~DD0Þ ¼ Eb � Ew: ð15Þ

A good UU should maximize this objective function, i.e.,

UU� ¼ arg max
UU2H�

hcn

EðUU; ~DD0Þ: ð16Þ

We use a Genetic Algorithm (GA) [47] for this optimiza-
tion problem. As a particular class of evolutionary algo-
rithms, a genetic algorithm is implemented as a computer
simulation in which a population of abstract representations
(called a genome) of candidate solutions (called individuals)
to an optimization problem evolves toward better solutions.
The evolution usually starts from a population of randomly
generated individuals and happens in generations. In each
generation, the fitness of every individual in the population
is evaluated and multiple individuals are stochastically
selected from the current population and modified to form a
new population that is then used in the next iteration.
Commonly, the algorithm terminates when either a max-
imum number of generations has been produced, or a
satisfactory fitness level has been reached for the population,

or there is no further improvement within a number of
generations. Our visual data Partitioning procedure based
on the SpecVAT image (called P-SpecVAT) is summarized in
Table 3. Several points about this algorithm are noted as
follows:

. Although we use the GA algorithm in this algo-
rithm, in principle, a number of optimization
algorithms might also be adopted, e.g., particle
swarm optimization.

. In addition to the SpecVAT image, this visual
partitioning procedure can also operate on the
VAT image or other reordered dissimilarity images.

. The time complexity of this algorithm mainly
depends on the GA algorithm, whose complexity is
OðbgfoÞ, where b is the population, g is the number of
generations, and fo is the computational complexity
of the objective function. In our case, the complexity
of the objective function is Oðcn2Þ, so the total
algorithm complexity is Oðbgcn2Þ.

5 DEALING WITH LARGE DATA SETS

The spectral analysis used in the SpecVAT algorithm relies
on the eigendecomposition of an n� n similarity matrix,
which generally takes Oðn3Þ time and Oðn2Þ space complex-
ity. It is clear that spectral decomposition is intractable for
large n, especially in the case of a dense matrix. This
limitation makes the spectral VAT method impractical (or
computationally infeasible) when handling large data sets.
Even though eigendecomposition could be done (e.g., via
distributed parallel computation), re-ordering such a large
n� n matrix is also challenging for the VAT algorithm, as
well as the inability of displaying such a large image due to
the limitation of current screen resolutions. Additional
strategies are thus required to scale the SpecVAT algorithm
(and other relevant algorithms) to larger data sizes while
maintaining “acceptable” cluster quality. Here, we propose
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a sampling-based extended scheme. To put this scheme in
context, we use the following notation. Assume that an n�
n symmetric positive semidefinite matrix, say FF , can be
decomposed as FF ¼ UUF�FUU

T
F , where �F are the eigenva-

lues of FF and UUF are the associated eigenvectors. Suppose
m columns of FF are randomly sampled without replace-
ment. Let AA be the n�m matrix of these sampled columns,
and SS be the m�m matrix consisting of the intersection of
these m columns with the corresponding m rows. Without
loss of generality, we can rearrange the columns and rows
of FF such that

FF ¼ SS BB
BBT CC

� �
with AA ¼ SS

BBT

� �
; ð17Þ

where BB 2 Rm�ðn�mÞ contains the elements from the
sampled objects to the remaining ones, and CC 2
Rðn�mÞ�ðn�mÞ contains the elements between all of the
remaining objects. In the case of interest, m� n, SS is very
small but CC is usually large.

As a technique for finding numerical approximations to
eigenfunction problems, the Nyström method has recently
been used for fast Gaussian process classification and
regression [41], low-rank approximation to kernel matrices
[42], large-scale manifold learning [43], and image segmen-
tation [29]. Simply, it uses SS and AA to approximate FF as

FF 	 ~FF ¼ AASSþAAT ; ð18Þ

where “þ” is the pseudoinverse. In fact, the Nyström method
implicitly approximates CC by BBSSþBBT , and the resulting
approximate eigenvalues and eigenvectors of FF are

~�F ¼
n

m

� �
�S and ~UUF ¼

ffiffiffiffiffi
m

n

r
AAUUS�þS ; ð19Þ

where SS ¼ UUS�SUU
þ
S [41]. In a more explicit form, the

approximated eigenvectors can be written as

~UUF ¼
UUS

BBTUUS�þS

� �
: ð20Þ

It can be seen that only AA (or SS and BB) is needed to compute
the approximated eigenvectors of FF . In this procedure,
eigendecomposition on the small sample matrix SS 2 Rm�m

is practical, and multiplication with the matrix BB (i.e.,
BBTUUS�þS ) is also feasible.

To perform visual cluster analysis on a large data set, we
propose to apply the A-SpecVAT and P-SpecVAT algorithms
to a representative sample set, and then extend the sample
clustering result to obtain (approximate) clusters for the
remaining objects, like [32], [28], and [30]. That is, after
obtaining the approximate eigenvectors of FF using the
Nyström method, we treat each row of ~UUF as a new “instance”
in the spectral space (implicitly corresponding to an original
object in O). We choose the new instances corresponding to
the chosen samples to obtain the sample SpecVAT images,
which are used to determine the number of clusters c via
A-SpecVAT, and then apply P-SpecVAT on the best sample
SpecVAT image to obtain the partitioning of the sample data,
i.e., obtaining the class labels of the sampled objects
fos1; os2; . . . ; osmg, say fl1; l2; . . . ; lmg, where li 2 f1; . . . ; cg.

Next, we address the problem of out-of-sample exten-
sion, i.e., how to assign each of the remaining
n�m objects to one of the c previously determined
groups. Out-of-sample extension can be treated as a
prediction problem in the embedding space. For each
oej ðj ¼ mþ 1;mþ 2; . . . ; nÞ in BB, we compute the distance
between its corresponding instance and the instances of
the sample objects in the embedding space, and then
assign the object oej to the class label with the maximum
votes from its k nearest neighbors (kNN) w.r.t labeled
samples, i.e., obtaining the cluster labels of the remaining
objects foemþ1; o

e
mþ2; . . . ; oeng, say flmþ1; lmþ2; . . . ; lng. Table 4

summarizes our Extended SpecVAT algorithm for dealing
with large data sets (called E-SpecVAT). Several points
about E-SpecVAT are noted as follows:

. This method does not require the entire data matrix
DD to be loaded into memory at once, since this may
not be feasible for large data sets. When the matrix DD
is very large, we may incrementally load it to
perform Step (1).

. In addition to random sampling, other active
sampling techniques may be used, e.g., selective
sampling [32] and K-means sampling [42] (when
object data is available).

. The eigenvectors generated from the Nyström
approximation are not exactly orthogonal because
they are extrapolated from the eigenvectors of SS. We
could adopt the methods described in [29] to
compute the approximated orthogonalized eigen-
vectors in Step 4.

. The time complexity of this algorithm mainly
depends on the eigendecomposition approximation
using the Nyström method, sample partitioning, and
out-of-sample extension. To calculate approxima-
tions to the top k� eigenvectors and eigenvalues of FF ,
the runtime of this process is Oðm3 þ k�mnÞ, in
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TABLE 4
Algorithm IV: E-SpecVAT



which Oðm3Þ is required for eigendecomposition on
SS and Oðk�mnÞ for multiplication with BB. As
analyzed before, visual data partitioning on the
sample SpecVAT image has the complexity of
Oðbgk�m2Þ. The time complexity for the extension
of the n�m remaining objects using kNN is
Oððn�mÞkk�mÞ. Together with OðKn2Þ for comput-
ing local-scale parameters, the total algorithm com-
plexity is

Oðm3 þ ðbg� kÞk�m2 þ ðkþ 1Þk�mnþKn2Þ:

To make the algorithm complexity nearly linear to

the number of objects n for truly large data sets, it

may be necessary to use a global scale � instead of

the local-scale parameters �i (and thus, removing

OðKn2Þ time complexity).

6 EXPERIMENTAL RESULTS

In order to evaluate our algorithms, we have carried out a

number of experiments on artificially generated data sets, as

well as real-world data sets (summarized in Table 5). Unless

otherwise mentioned, in the following experiments, the

(euclidean) distance matrix DD is computed in the original

attribute space (if the object vectorial representation is

available). All experiments were implemented in a Matlab

7.2 environment on a PC with an Intel 2.4 GHz CPU and 2

GB memory running Windows XP.

6.1 Evaluation Data Sets

Nine synthetic data sets with different data structures (i.e.,

different numbers of clusters and different data distribu-

tions) are used in our experiments. The scatter plots of these

synthetic data sets are shown in Fig. 3, in which each color

represents a visually meaningful group. The first 6 data sets

are taken from [26], and the last 3 are generated by

ourselves. Except for S-7, which is a mixture of 3 Gaussian

shapes, all other data sets involve more irregular data

structures, in which an obvious cluster centroid for each

group is not necessarily available. As can be seen, some of

these data sets include different scales between clusters, or
some clusters hidden in a cluttered background.

Nine real-world data sets were also considered to evaluate
our algorithms, six of which are from the UCI Machine
Learning Repository, i.e., R-1, R-4, R-5, R-8 and R-9. In short,
R-1 (breast-cancer) database includes 683 instances, each of
which has 9 attributes and belongs to one of 2 classes. R-2
(face) data set was first used in [4], which is a subset of the
Yale-B data set [31], including 1,755 images of 3 different
individuals. R-3 (genetic) data set [18] is a 194� 194 matrix
consisting of pairwise dissimilarities from a set of 194 human
gene products that were clustered into 3 protein families. R-4
(iris) data set contains 3 physical classes, 50 instances each,
where each class refers to a type of iris plant with 4 attributes.
R-5 (voting) data set consists of 435 US House of Representa-
tives members’ votes on 16 key votes. R-6 (wine) data set
contains 178 wine instances derived from 3 different
cultivars. R-7 (action) data set [50] is a 100� 100 matrix
consisting of pairwise dissimilarities derived from 100 hu-
man action clips. R-8 (multiple-features) data set consists of
binary image features of 10 handwritten numerals (‘0’
 ‘9’),
200 patterns per class. These digits are represented as a 649-
dimensional vector in terms of 6 feature sets. R-9 (glass) data
set includes 214 samples from 6 types of glass defined in
terms of their oxide content.

6.2 Determining the Number of Clusters

For each data set (except for R-3 and R-7, which are already
in dissimilarity matrix form), we computed a pairwise
dissimilarity matrix DD in the original attribute space. The
VAT images are shown in Fig. 4a for the synthetic data sets
and Fig. 5a for the real data sets. It can be seen that the
cluster structure of the data in these VAT images is not
necessarily clearly highlighted. Accordingly, viewers have
difficulties in giving a sound result about the number of
clusters in these data sets, and different viewers may
deduce different estimates of c. Next, we applied the
SpecVAT algorithm to each of the data sets, and showed the
SpecVAT images in Fig. 4b for the synthetic data sets and
Fig. 5b for the real data sets. In contrast to the original VAT
images, the SpecVAT images generally have a clearer
display of the block structure, and thus better highlight
the hidden cluster structure. Table 5 summarizes the
number of clusters determined by manual inspection from
the original VAT image (cmov), manual inspection from a
series of SpecVAT images (cmsv) and automatic estimation
from a series of SpecVAT images (casv). For the iris data set,
our method gives c ¼ 2. This is probably due to the well-
recognized fact that in this data set, one class is linearly
separable from the other two classes, while the latter two
are not linearly separable from each other. For the multiple-
features data set, our method gives c ¼ 9, another under-
estimate. This is probably due to the same fact as the iris
data set that two classes are highly similar to each other.
The results of cluster number estimation from the SpecVAT
images for the other 16 data sets are correct in terms of the
number of real physical classes cp, whether it was estimated
automatically by our A-SpecVAT algorithm or by manual
inspection. The results again highlight the benefits of
converting DD to DD0 by graph embedding to obtain a more
accurate estimate of c.
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Summary of the Data Sets Used and Results of Estimating c



6.3 Visual Data Partitioning and Algorithm
Comparison

We evaluate our visual partitioning algorithm’s perfor-
mance by comparing the cluster labels of the objects given
by our algorithm with the ground truth labels (available for
these 18 data sets). An accuracy (AC) metric has been widely
used for clustering performance evaluation [5], [16], [25].
Suppose that zci is the clustering label of an object oi and zgi is
the corresponding ground truth label, then AC is defined as
maxmap

Pn
i¼1 �ðz

g
i ;mapðzciÞÞ=n, where n is the total number of

objects in the data, �ðz1; z2Þ is the delta function that equals 1
if and only if z1 ¼ z2 and 0 otherwise, and map is the
mapping function that permutes clustering labels to match
equivalent labels given by the ground truth. The Kuhn-
Munkres algorithm is usually used to obtain the best
mapping [12]. See Figs. 4b and Fig. 5b for visualization of
our data partitioning results on synthetic and real-world
data sets. The clustering accuracy of our visual partitioning
algorithm on the original VAT image (VovÞ and the SpecVAT
image (Vsv) is summarized in Table 6, from which we can see

that our algorithm obtains satisfactory partitioning results.

In addition, it is clear that Vsv performs better than Vov.
We also implemented several typical clustering algo-

rithms for comparison. These algorithms are, respectively,

K-means (Km), Ward’s hierarchal clustering (Lw) [49],

standard spectral clustering with a global-scale parameter

[15] (S�), and spectral clustering with local-scale parameters

[26] (S�i ). The clustering accuracies of these algorithms on

these 18 synthetic and real data sets are listed in Table 6,

from which it can be seen that the overall accuracy of our

partitioning clustering algorithm on the SpecVAT image is

better than that of K-means, Ward’s algorithm, and

standard spectral clustering with a global-scale parameter,

and is comparable to that of spectral clustering with local

scaling. Moreover, our visual methods give intuitive

observations on the number of clusters, cluster structure,

and partition results from the images, as well as eliminating

the randomly initialized K-means clustering stage (as

usually used in spectral clustering).
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Fig. 4. (a) Original VAT images of nine synthetic data sets with visual clustering results imposed by dark gray lines (see electronic version for color

figures), and (b) the corresponding best SpecVAT images with visual clustering results.

Fig. 5. (a) Original VAT images of 9 real-world data sets with visual clustering results imposed by dark gray lines (see electronic version for color

figures), and (b) the corresponding best SpecVAT images with visual clustering results.



6.4 Approximate SpecVAT and Clustering

In order to test the performance of the E-SpecVAT
algorithm, we first selected three data sets from those data
sets used in the previous experiments, i.e., S-8, R-2, and R-7.
These three data sets are relatively large among synthetic
and real-world data sets. In addition, the sizes of these three
data sets are such that we can apply both E-SpecVAT with
sampling and SpecVAT without sampling to examine the
effect of sampling on the resulting SpecVAT images as well
as the clustering accuracy. We tried multiple sampling rates
(SR, i.e., m=n) on the three data sets. For each sampling rate,
50 trials were made, and then we computed the average
clustering accuracy. Fig. 6 shows examples of the sample
SpecVAT images on the data sets S-8 and R-2 with different
sample sizes (only one run), from which it can be seen that
when the sample size is sufficient, the sample SpecVAT
images can produce a good approximation to the SpecVAT
image using the full data. This also naturally leads to
satisfactory (approximate) partitioning results, as summar-
ized in Table 7. More interestingly, several results using the
sampling-based method are (slightly) better than that of the

method using all of the data. Such a phenomenon also
appears in [28]. This is probably because a small portion of
representative samples may be enough to effectively reveal
the complete structure of the whole data, while the
introduction of more (possibly noisy) data will likely bring
negative influences on the algorithms. However, we also
noticed that such “interesting” results often appear when
the sample size is sufficient (refer to the sample SpecVAT
images shown in Fig. 6), and such sampling-based accura-
cies are somewhat better but very close to those using the
full data (see the results on R-2 and R-8 in Table 7).

Next, we applied our E-SpecVAT algorithm to the
problem of high-resolution image segmentation (where it
is generally infeasible to use the full data directly due to
computational and storage complexities). Different features
(such as intensity, color, texture, and proximity) can be used
to compute the similarities between image pixels, e.g.,
locally-windowed color and texture histograms used in [29].
We used only the “intensity” feature to compute the
dissimilarities between image pixels since our main concern
is to demonstrate the feasibility of our approximate
algorithm in the context of image segmentation, rather than
focus on image segmentation itself. In our experiments, we
used five 481� 321 images (Fig. 7 (left column)) taken from
the Berkeley image segmentation database. Running A-
SpecVAT and/or P-SpecVAT algorithms directly on the
whole image (which contains n ¼ 481� 321 ¼ 154; 401 pix-
els, representing relatively larger data sets) would be simply
impossible in the Matlab environment. For these images, the
number of sampled pixels was empirically chosen to be 300
(around 0.2 percent of the number of total pixels), consider-
ing that there are far fewer coherent groups in a scene than
pixels (i.e., c� n). We cannot measure the clustering error
in this case because of the lack of ground truth. So, the best
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TABLE 6
Comparison of Clustering Algorithm Accuracy (Percent)

Fig. 6. Examples of sample SpecVAT images with different sample sizes for data sets S-8 and R-2 (a) Synthetic data S-8 (b) Real data R-2.

TABLE 7
Summary of Clustering Accuracy Using E-SpecVAT (Percent)



we can do for evaluation here is to resort to visual inspection
of the image segmentation results. Fig. 7 (middle column)
shows the segmentation results on these five images, in
which pixels with the same color represent one group. We
automatically set c ¼ 2; 3, or 4 for these five images
according to the number of visually meaningful components
suggested in the sample SpecVAT images (Fig. 7 (right
column)). In these cases, our E-SpecVAT algorithm parti-
tioned the images into meaningful components. This
demonstrates again that our algorithm is effective on these
larger image data sets.

Finally, we consider the application of our E-SpecVAT
method to a very large data set used in [32], which is a set of
n ¼ 3;000;000 2D data points drawn from a mixture of
c ¼ 5 normal distributions. Five clusters in the data set are
visually apparent, but there is a high level of mixing between
outliers from components in the mixture (see Fig. 8a for its
scatter plot). Computing squared euclidean distances be-
tween pairs of vectors yields a matrixDDwith n� ðn� 1Þ=2 ¼
Oð1012Þ dissimilarities for the data set. We were not able to
calculate, load, and process a full-distance data matrix of this
size. Here, we used an approximate “lookup table” mode by
just storing the object data set, accessing only the vectors
needed to make a particular distance computation, and

releasing the memory used by these vectors immediately
after to avoid exhausting memory. To avoid exhausting
memory, the processing was broken up by calling the
extension routine multiple times (depending on the chunk
size), and each chunk was used to extend the partition for
loaded objects. We set the number of clusters c ¼ 5 for the
data set like [32] and tried two different sample sizes, i.e.,
m ¼ 600 and m ¼ 2; 500. The sample SpecVAT image with
respect to m ¼ 2; 500 is shown in Fig. 8b, which also
suggested five clusters in the data. Since running once on
this data set took quite a long time, we just reported the
clustering error rates with respect to only one run per case,
i.e., 0.0061 form ¼ 600 and 0.0052 form ¼ 2500. It can be seen
that both measures of errors are very small. This was
certainly not an easy clustering problem, in terms of how
well separated the clusters actually are. The point here was to
demonstrate the feasibility property of our E-SpecVAT
method on truly large data sets, and this example demon-
strated this.

7 DISCUSSION AND CONCLUSION

This paper has presented an enhanced visual approach
toward automatically determining the number of clusters
and partitioning data in either object or pairwise relational
form. In order to better reveal the hidden cluster structure,
especially for complex-shaped data sets, the VAT algorithm
has been improved by using spectral analysis of the
proximity matrix of the data. Based on spectral VAT, a
“goodness” measure of SpecVAT images has been pro-
posed for automatically determining the number of clusters.
Also, we have derived a visual clustering algorithm based
on SpecVAT images and its unique block-structured
property. We have also proposed an extended strategy to
scale the SpecVAT algorithm to larger data sets. A series of
primary and comparative experiments on synthetic and
real-world data sets have demonstrated that our algorithms
perform well in terms of both visual cluster tendency
assessment and data partitioning.

There are strong relations between the SpecVAT algo-
rithm (and thus, P-SpecVAT) and other works: both the
SpecVAT algorithm and the spectral clustering algorithm
described in [15] use spectral decomposition of the normal-
ized Laplacian matrix that is essentially the graph embed-
ding procedure of [1]. A prominent property of the graph
embedding framework is the complete preservation of the
cluster structure in the embedding space. For new repre-
sentations in the embedding space, spectral clustering in [15]
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Fig. 8. (a) The scatter plot of the data set taken from [32] and (b) its
sample SpecVAT image with m ¼ 2; 500.

Fig. 7. Original images (left), image segmentation results using

E-SpecVAT (middle, see color figures in electronic version for better

visualization), and the corresponding sample SpecVAT images (right).



usesK-means to cluster them; while for our visual clustering
algorithm, we first convert them to a new reordered
dissimilarity image, and then use the GA to partition its
block structures. A local scaling scheme is suggested in [26]
to replace the global scale � in [15], leading to better
clustering, especially when the data includes multiple scales
or when the clusters are placed within a cluttered back-
ground. These connections naturally suggest that our P-
SpecVAT algorithm can perform competitively with spectral
clustering [15], [26]. The slight difference in accuracy
between P-SpecVAT and the algorithm of [26] could be
due to different objective functions and optimization
strategies in the partitioning stage.

Our algorithms will probably reach their useful limit
when the image formed by any reordering of DD is not from
a well-structured dissimilarity matrix. While our A-Spec-
VAT algorithm may return a slightly overestimated or
underestimated value of c, it provides an initial estimate,
thus avoiding the need to run a clustering algorithm
multiple times over a wide range of c values in an attempt
to find valid clusters. In this way, our method compares
favorably to postclustering validation methods in computa-
tional efficiency. Note that our method does not eliminate
the need for cluster validity (i.e., the third problem in
cluster analysis). Cluster validation depends greatly on the
choice of the validity criteria and the clustering algorithms.
There have been countless studies of direct and indirect
validity indices for crisp, fuzzy, and probabilistic clustering
methods. Unfortunately, validity functionals have little
chance of being generally useful for identifying the best
clustering solution, even within a restricted class of models.
Studies on visual data partitioning and validation remain
limited. The existing index-based validation methods are
seemingly unsuitable to validate our visual algorithms.
How to find a direct visual validation method will be one of
important issues in our future work.

APPENDIX

THE VAT ALGORITHM

The VAT algorithm [2] works on a pairwise dissimilarity
matrix. Let O ¼ fo1; o2; . . . ; ong denote n objects in the data
and DD a pairwise matrix of dissimilarities between objects,
each element of which dij ¼ dðoi; ojÞ is the dissimilarity
between objects oi and oj, and generally, satisfies
1 � dij � 0; dij ¼ dji; dii ¼ 0, for 1 � i; j � n. The VAT algo-
rithm displays a reordered dissimilarity matrix of DD as a

gray-scale image. Let 	ðÞ be a permutation of f1; 2; . . . ; ng
such that 	ðiÞ is the new index for oi. The reordered list is
thus fo	ð1Þ; . . . ; o	ðnÞg. Let PP be the permutation matrix with
pij ¼ 1 if j ¼ 	ðiÞ and 0 otherwise, then the matrix ~DD for the
reordered list is a similarity transform of DD by PP , i.e.,
~DD ¼ PPTDDPP . The reordering idea is to find PP so that ~DD is as
close to a block diagonal form as possible. The VAT
algorithm reorders the row and columns of DD with a
modified version of Prim’s minimal spanning tree algo-
rithm [46]. If an object is a member of a cluster, then it
should be part of a submatrix with low dissimilarity values
(corresponding to within-cluster distances), which appears
as one of the dark blocks along the diagonal of the VAT
image Ið ~DDÞ, each of which corresponds to one cluster. We
summarize the VAT algorithm in Table 8.

An example of VAT is shown in Fig. 9. Fig. 9a is a scatter

plot of n ¼ 3000 points in R2, which is generated from a

mixture of c ¼ 5 bivariate normal distributions. These data

points were converted to a 3000� 3000 dissimilarity matrix

DD by computing the euclidean distance between each pair

of points. The five visually apparent clusters in Fig. 9a are

reflected by the five distinct dark blocks along the main

diagonal in Fig. 9b, which is the VAT image of the data.

Given the image of DD in the original input order in Fig. 9b,

reordering is necessary to reveal the underlying cluster

structure of the data.
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