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Abstract 
 
Dimensionality reduction is a significant problem in 

pattern recognition and thus arouses broad interest in the 
machine learning community. Different from the traditional 
linear dimensionality reduction methods, recently some 
nonlinear methods have been proposed in virtue of manifold 
learning. These methods can efficiently discover the 
low-dimensional nonlinear manifold in a high-dimensional 
data space and further preserve the manifold structure of 
the data points in the low-dimensional embedding space. 
Despite their attractive properties, these nonlinear methods 
are sensitive to the outliers in the data sets. Moreover, the 
existing locally nonlinear dimensionality reduction methods 
generally neglect the globally structural information. In this 
paper, we address these problems in the context of Locally 
Linear Embedding (LLE). Through capturing the local and 
global geometry information simultaneously, we propose an 
alternative approach to make the local embedding relatively 
more robust, called as Alternative Robust Local Embedding 
(ARLE). It can not only suppress an unfavorable influence 
of the outliers on the embedding process automatically, but 
also outperform LLE in 2-D data visualization due to the 
introduction of the global geometry. Experimental results 
and comparisons on both synthetic and real data sets show 
the effectiveness of ARLE. 

Keywords: Robust local embedding; Manifold learning; 
Locally linear embedding; Globally geometric information 

1. Introduction 

The objective of dimensionality reduction is to map 
data points in a high-dimensional data space to a 
low-dimensional embedding space, in order to obtain more 
useful representations of the information involving in the 
original data for the subsequent recognition. Over the past 
decades, various traditional techniques, such as Principal 
Component Analysis (PCA)[1], Multidimensional Scaling 
(MDS)[2], have been widely used for linear dimensionality 
reduction[3]. PCA projects the original D-dimensional data 
onto the d-dimensional linear subspace spanned by the 
leading eigenvectors of the data’s covariance matrix, which 
captures as much of the variation in the data set as 

possible[4]. For linearly embedded manifold, PCA is 
guaranteed to discover the dimensionality of the manifold 
and produce a compact representation in the form of an 
orthonormal basis[5]. However, for the data on a nonlinear 
manifold embedded in the high-dimensional space, PCA has 
difficulty in discovering the underlying structure. And the 
embedding preserves only the global structure when the 
local structure is emphasized in many real applications[5]. 
Classical MDS finds an embedding that preserves pairwise 
distance between data points, and it is equivalent to PCA 
when the metric is defined in terms of Euclidean 
distance[4]. 

In the few years, some newly nonlinear methods in 
virtue of manifold learning, such as Isometric Feature 
Mapping (Isomap[6]) and Locally Linear Embedding 
(LLE[7, 8]) have aroused broad interest in the machine 
learning community. Though Isomap and LLE are inspired 
from different intuitions, they are similar in their aims. 
Isomap is a global approach. It builds on classical MDS but 
seeks to preserve the intrinsic geometry of the data, which is  
captured in the geodesic manifold distances between all 
pairs of data points[5]. LLE is a local method. It bases on 
the assumption that every data point can be reconstructed by 
its local neighbors in the original space and this local 
reconstruction relationship still holds in the low-dimensional 
space. It can approximate a broader range of manifold 
whose local structure is close to Euclidean but whose global 
geometry is not[5]. Moreover, Laplacian Eigenmap[9] is 
another local algorithm proposed by Belkin and Niyogi.  It 
bases on the spectral graph theory and uses the weighted 
Laplacian of the adjacency graph defined on the original 
data points to approximate the Laplace Beltrami operator, 
which provides an intrinsic embedding for the manifold.  

Despite the appealing properties of these nonlinear 
methods, most of them are sensitive to the outliers in the 
data sets. Some extensions have been presented to resolve 
this problem. Hadid and Pietikäinen[10] proposed a method 
that defined a new neighborhood function to avoid the 
connection between the neighborhood graphs corresponding 
to the clean data set (i.e. no outlier exists) and to the outliers. 
Zhang and Zha[11] presented another method for outlier 
removal before the nonlinear methods was performed, 
which was based on a weighted version of PCA. Chang and 
Yeung[3] used an iterative procedure, called iteratively 
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reweighted least squares, to eliminate the outliers in the data 
set. However, all these methods contain the preprocessing 
procedures, which necessarily increase the extra complexity 
of computation. In this paper, we present an alternative 
efficient method, called Alternative Robust Local 
Embedding (ARLE), to suppress the outlier sensitivity 
problem of LLE. Through embedding a robust processing 
technique into the objective function directly, ARLE avoids 
the complex preprocessing procedure. Moreover, the 
existing local methods, such as LLE and Laplacian 
Eigenmap, only pay attention to the local geometry but 
ignore the global structure of the manifold. As a result, the 
embedding in the low-dimensional space sometimes can not 
faithfully reflect the global structure in the high-dimensional 
original space. In order to remedy this deficiency, ARLE 
also incorporates the relative compactness information of 
the data distributions on the global geometry. Hence ARLE 
is not only relatively more robust than LLE against outliers, 
but also able to preserve the global and local distribution of 
the data points simultaneously.  

The rest of this paper is organized as follows. Section 2 
briefly reviews the basic theory and outlier sensitivity 
problem of LLE. In Section 3, we present the ARLE method. 
Section 4 shows some experimental results and comparisons 
to demonstrate the effectiveness of ARLE in both outlier 
problem and 2-D data visualization. Some conclusions are 
given in Section 5. 

2. Locally Linear Embedding 

2.1. Formulation of LLE 

Suppose that we are given the set of n points 
{ }1 2, , , nX x x x= L  in a high-dimensional data space RD. 

Lafon et al.[12] have indicated that most of the data in real 
world are highly correlated, at least locally, or equivalently, 
that the data distribute in a low intrinsic manifold. Provided 
that sufficient data are available by sampling well from the 
manifold, LLE aims to find a low-dimensional embedding 
of X by mapping the original data into a single global 
coordinate in the d-dimensional embedding space Rd[3]. The 
LLE algorithm can be summarized as follows: 
(1) Find the set ne(i) of the k nearest neighbors of each data 
point xi; 
(2) Compute the weights wij that best reconstruct each data 
point from its neighbors, minimizing the cost function: 

2

( )

( )
j

i ij
x ne i

w x w x
∈

Ψ = − ∑ j             (1) 

(3) Compute the embedding vectors yi best reconstructed by 
the weights wij, minimizing the error function: 

2

1 ( )

( )
j

n

i ij
i x ne i

y y w y
= ∈

Φ = −∑ ∑ j           (2) 

For a given value of d, the minimum of the function 

 is given by the d+1 eigenvectors associated to the 
d+1 smallest eigenvalues of the matrix M defined as: 

( )yΦ

( )( )TM I W I W= − −  
The finial desired embeddings yi then correspond to the d 
bottom eigenvectors of M after discarding the first one. 

2.2. Outlier Sensitivity Problem of LLE 

Hadid and Pietikäinen[10] have proved that even when 
the LLE algorithm performed well on the manifold, (k+1) 
outliers are enough to destroy the embedding result 
(typically ). In this section, we will show the outlier 
sensitivity problem of LLE through a commonly used 
synthetic example, i.e. helix (Fig. 1(a)). We sample 501 data 
points from the helix manifold and choose k = 2. When the 
data set is clean, LLE can optimally find the R

k n

1 manifold 
embedded into R3 space (Fig. 1(b)). If there exist three 
outliers in the dataset, such as u1=[100,100,100]T, 
u2=[92,95,96]T, u3=[81,82,85]T, LLE loses the geometry of 
the data manifold completely in the embedding space (Fig. 
1(c)). However, ARLE still preserves the embedding 
manifold structure to a great extent under the influence of 
the outliers (Fig. 1(d)) and thus suppresses the action of the 
outliers. We will discuss ARLE in the next section in detail. 

In fact, LLE always assumes the manifold is 
well-sampled such that each data point has k neighbors 
which define a roughly linear patch on the manifold. 
However, in the presence of outliers, this assumption may 
no longer hold. For an outlier point, its neighborhood is 
typically much lager than that of a clean data point[3]. But 
LLE neglects this obviously geometric structure information 
when computing the reconstruction weights. It does not 
discriminate the outlier from the other clean data points and 
uses all the neighbors equally to reconstruct the outlier. As a 
result, the estimated weights of its neighbors cannot 
faithfully reflect the local geometry of the manifold in the 
embedding space, which may lead to a large bias in the final 
embedding result[3]. Hence, the construction of the 
reconstruction weights in LLE may not be optimal when 
there are some outliers in the data set. 

To make LLE more robust against outliers, we redefine 
the reconstruction weights based on the relative distances 
between the data point and its neighbors instead of the 
absolute Euclidean distances in LLE, according to the 
actually local geometry. Moreover, we introduce the 
globally structural information in the objective function 
directly, as a result, leading to an alternative relatively 
robust approach to LLE. 
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             (c)                    (d) 

Figure1. LLE and ARLE performed in the helix data set: 
(a) the helix manifold in R3; (b) LLE result of the clean 
data set; (c) LLE result of the data set with the three 
outliers; (d) ARLE result of the data set with the outliers, 
where the x-axis in (b), (c) and (d) shows the indices of 
the data points and the y-axis shows their coordinates 
in the embedding space in R1. 

3. Alternative Robust Local Embedding 

In order to define an alternative reconstruction weight 
to resolve the outlier sensitivity problem to a certain extent, 
we focus on the relative distances between every data point 
and its neighbors. It is obvious that among all the neighbors 
of xi, the smaller the distance between the point and xi is, the 
more similar is it to xi. If there is an outlier point xj in the 
neighborhood, the relative distance between xj and the clean 
data point xi is typically much lager than the other neighbors. 
Therefore, we firstly measure the similarity between xi and 
its neighbor xj by 

2exp( / )ij i jS x x σ= − −              (3) 
Note that here the similarity measure is chosen to be reverse 

to the Euclidean distance measure
2

i jx x− . However, any 
suitable distance measure can be used to replace the 
Euclidean norm. Throughout this paper, we use the 
Euclidean norm.  

Referring to the state-of-the-art technique Greedy 
Strategy, we use the local neighbors to compute a relatively 
robust reconstruction ˆix  to ix  by minimizing  

2

1

ˆ
k

i ij i j
j

S x xε
=

= −∑                 (4) 

Let , the optimal reconstruction is given by: ˆ/i ixε∂ ∂ = 0

ij
1 1

ˆ /
k k

i ij j
j j

x S x S
= =

=∑ ∑                 (5) 

Introducing the notation , we obtain the 

alternative robust reconstruction weights  
1

k

i
j

D
=

=∑ ijS

D

/l
ij ij iw S D=                    (6) 

Furthermore, the total weight  provides a 
natural measure on the data points of the manifold, 

where

/g
i iw D D=

1

n

i
i

D
=

=∑ . The bigger the value of the total weight 

g
iw  is for xi, the more compact is its neighborhood 

distribution on the global manifold structure. It states that xi 
and its neighbors are much more similar. On the contrary, if 
the value g

iw  for xi is much smaller than the other points, 
xi is likely to be an outlier. Hence the total weights can be 
applied to the objective function to further reduce the 
influence of the outliers on the embedding, and to preserve 
the global structure to some extent. 

Note that all the Sij, and all the quantities related to it, 
can actually be computed and stored in advance, not 
involving any optimization as in (4). 

Keeping the reconstruction weights fixed in the 
low-dimensional embedding space, we can compute the 
embedding coordinate yi for xi that best preserves the local 
geometry by minimizing the following weighted cost 
function: 

2

1 ( )j

n
W g l

i i ij j
i x ne i

w y w y
= ∈

Φ = −∑ ∑           (7) 

subject to  and , where 
,  and I is 

the identity matrix. The constraints require the coordinates 
to be centered on the origin and remove an arbitrary scaling 
factor in the embedding. 

0n =Y1 (1/ ) g Tn YW Y I=
[1, ,1]T n

n R= ∈L1 1[ / , , / ]g
nW diag D D D D= L

Specially, thanks to the definitions of  andl
ijw g

iw , it is 
easy to prove that 
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2

1 1

1 n n

ij i j
i j

S y y
D = =

≤ ∑∑ −         (8) 

The right-hand side of the above inequality is actually the 
primal minimization function in Laplacian Eigenmap[9]. 
This fact validates that the final embedding in ARLE is 
relatively not only more robust than those in LLE, but also 
more compact than in Laplacian Eigenmap, which more 
likely provides an optimal embedding for the manifold.  
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To simplify the expression, we rewrite (7) as the 
standard matrix form: 

2

1
( )

n
W g

i i
i

Y W YI Yw
=

Φ = −∑ l

]

             (9) 

where Ii is the i-th column of I, and  is the i-th column 
of , . 

l
iw

lW [ ]l l
ij n nW w ×=

Hence, the minimization problem reduces to  
min [ ( ) ( )l g l T T

Y
trace Y I W W I W Y− −  

min [ ]T

Y
trace YLY=                     (10) 

where L is a sparse, symmetric, and positive semidefinite 
matrix.  

By the Rayleigh-Ritz theorem, the optimal embedding 
Y is provided by the matrix of eigenvectors corresponding to 
the lowest (nonzero) eigenvalues of the generalized 
eigenvalue problem 

gLy W yλ=                   (11) 
In summary, the according ARLE algorithm can be 

described as follows: 
(1) Find the set ne(i) of the local neighborhood of each data 
point xi; 
(2) Compute the weights: If ( )jx ne i∈ , put 

2 2exp( / )ij i jS x x σ= − −  

Let , then obtain the local reconstruction weight 
1

k

i
j

D
=

=∑ ijS

)
)ne i

/ (
0 (

l
ij ij i j
l
ij j

w S D x ne i
w x

⎧ = ∈⎪
⎨ = ∉⎪⎩

 

(3) Compute the eigenvectors and eigenvalues for the 
generalized eigenvector problem: 

gLy Wλ= y  
Let  be the eigenvectors of equation (11), 
corresponding to its first d smallest (nonzero) eigenvalues. 
Thus the embedding is as follows: 

1, , dy yL

1( ( ), , ( ))i dx y i y i→ L  

4. Experiments 

To evaluate the effectiveness of ARLE both on the 
robustness to the outliers and 2-D data visualization, we will 
discuss several applications of ARLE in this section. We 
begin with a synthetic data set. Then we apply the algorithm 
to handwritten digital images and face analysis. Throughout 
the experiments, we uniformly select k equal to 20. 

4.1. Synthetic Data 

We illustrate the robustness of ARLE by a synthetic 
example compared with LLE, which has been commonly 
used by other researchers: S curve. We firstly sample 2000 
data points randomly on the S curve in the 

three-dimensional space (Fig. 2(a)). Then uniformly 
distributed random points are added in the set as outliers, 
approximately 3% of the clean data points. The distance 
between the outliers and the clean data is about ten times to 
the height of the S curve.  

As seen from Fig. 2(b), LLE is very sensitive to the 
outliers. When there are outliers in the data set, LLE can not 
preserve well the local geometry of the manifold in the 
embedding space. The data points are embedded desultorily 
in the two-dimensional space. The phenomenon arises since 
LLE uses all the data equally to compute the reconstruction 
weights without distinguishing the outliers from the clean 
data. Therefore, the nonoptimal weights can not optimally 
reflect the local structure which leads to a large bias to the 
embedding result. 

ARLE, on the other hand, reveals the underlying 
structure of the S curve better (Fig.2(c)). It can distinguish 
the outliers automatically because it considers the relative 
distances in the neighborhood and the data distribution 
based on the global geometry simultaneously. Moreover, for 
the clean data points are randomly sampled from the S curve, 
the edge of the image is not smooth (Fig. 2(a)). ARLE also 
reflect faithfully such structure of the manifold in the edge. 
Hence ARLE successfully preserves the structure not only 
locally, but also globally. 

     
   (a)            (b)            (c) 

Figure 2. LLE and ARLE performed in S curve with 
outliers: (a) 2,000 data points randomly sampled from 
the manifold without outliers; (b) LLE result with the 
outliers; (c) ARLE result with the outliers. 

4.2. Handwritten Digital Images 

We also apply our algorithm to collections of images of 
handwritten digits. The dataset is a subset of the USPS 
handwritten digital dataset. It consists of 1100 examples of 
the digit “8”. The size of each image is 16×16 pixels, with 
256 gray levels. Thus each image is represented by a vector 
of 256 dimensions. We apply LLE and ARLE respectively 
to construct a two-dimensional representation of these 
256-dimensional vectors (see Fig.3). Each point in the 
two-dimensional space corresponds to an image of digit “8”.  

As can be seen (Fig. 3(a)), LLE seems to fail in the 
data set. It maps almost all the data points into a small 
region in the embedding space. It is very difficult to visually 
discover the underlying structure of the manifold. However, 
ARLE achieves a much better visual result on the same 
dataset (Fig. 3(b)). We select several points in the 
embedding 2-D space. Their corresponding images of digital 
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“8” are shown next to the data points in different parts of the 
space. The images are clearly divided into two parts. The 
left part is the digitals with the right slant, and the right part 
is the digitals with the left slant. Moreover, in both the parts, 
the selected digits changes from “thin” to “fat” going from 
up to down. 

4.3. Face Images 

Many researches have suggested that the human face 
images reside in a manifold embedded in the image space[4, 
6, 8]. In this subsection, we apply ARLE to the analysis of 
face images and use the same face image dataset in LLE[7]. 
It consists of 1965 images of Brendan's face. And the size of 
an image is 20×28. According to[8], here we specially 
select k = 12 for LLE. As we can see from Fig.4, LLE can 
reflect the intrinsic manifold structure of the original image 
data to some extent (see [7] for more details). However, the 
tendency of the different variation in pose and expression is 
not obvious. On the other hand, ARLE (Fig.5 and Fig.6) 
obtains a much better result. The images of faces are clearly 
divided into six branches. The left-side three branches are 
the faces with close mouth, and the right-side three ones are 
the faces with open mouth. Moreover, the three branches in 
the left part in the embedding space show the variation in 
pose, almost so do the three ones in the right part. The top 
branch shows the faces toward the right side, the middle 
branch are the faces in the middle, and the bottom branch 
are the faces toward the left side. Therefore, the smooth 
changes in facial expression and viewpoints of faces can be 
clearly seen from left to right, from top to bottom. In brief, 
ARLE can more effectively reveal the different variation of 
pose and expression than LLE, so that it can more faithfully 
reflect the underlying dimensions of the manifold embedded 
in the image space. 

 
(a) 

 
(b) 

Figure 3. 2-D visualization of handwritten digital images: 
(a) LLE result; (b) ARLE result. 

 

Figure 4. 2-D dimensional representation of the face 
image dataset using LLE (see [7] for more details) 

 

 

Figure 5. 2-D dimensional representation of the face 
image dataset using ARLE. The embedding figure 
contains six branches, which are marked from (a) to (f) 
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respectively. Different branch shows different variation 
in pose and expression. Several points are selected 
from the six branches respectively (linked by solid line) 
to give a guidance of the variable directions. 

(a)  

(b)  

(c)  

(d)  

(e)  

(f)  
Figure 6. Six groups of face images corresponding to 
the selected points along the six paths. They illustrate 
the six directions of variation in pose and expression 
along the six branches. The images labeled (a) to (c) 
corresponding to the left-side three branches are the 
faces with close mouth. And the faces labeled (d) to (f) 
correspond to the right-side three branches with open 
mouth. Moreover, the respective three branches in the 
left and right parts show the variation in pose. 

5. Conclusions 

In this paper, we propose a new nonlinear 
dimensionality reduction algorithm, called Alternative 
Robust Local Embedding. In comparison to LLE, it is a 
more effective and robust approach that can not only 
preserve the locally geometric properties but also capture 
the globally structural information of the manifold 
embedded in high-dimensional space. It can suppress an 
unfavorable influence of the outliers on the embedding 
process automatically based on the relative distances in the 
neighborhood and the relative compactness of the data 
distributions on the global geometry. Several experimental 
results and comparisons show that ARLE is not only 
relatively more robust to the outliers than LLE, but also 
superior to LLE in the 2-D data visualization. 

ARLE is an algorithm that directly computes the 
embedding coordinates. The linear version of ARLE, just as 
Locality Preserving Projection (LPP)[4] is the linear version 
of Laplacian Eigenmap, deserves our future study. 
Furthermore, the selection of d and k is an open problem in 
nonlinear dimensionality reduction methods. It also needs 
our future research. 
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